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In system modeling, knowledge management comes vividly into the picture when dealing
with a collection of individual models. These models being considered as sources of knowl-
edge, are engaged in some collective pursuits of a collaborative development to establish
modeling outcomes of global character. The result comes in the form of a so-called granular
fuzzy model, which directly reﬂects upon and quantiﬁes the diversity of the available
sources of knowledge (local models) involved in knowledge management. In this study,
several detailed algorithmic schemes are presented along with related computational
aspects associated with Granular Computing. It is also shown how the construction of
information granules completed through the use of the principle of justiﬁable granularity
becomes advantageous in the realization of granular fuzzy models and a quantiﬁcation of
the quality (speciﬁcity) of the results of modeling. We focus on the design of granular fuzzy
models considering that the locally available models are those fuzzy rule-based. It is shown
that the model quantiﬁed in terms of two conﬂicting criteria, that is (a) a coverage criterion
expressing to which extent the resulting information granules ‘‘cover’’ include data and (b)
speciﬁcity criterion articulating how detailed (speciﬁc) the obtained information granules
are. The overall quality of the granular model is also assessed by determining an area under
curve (AUC) where the curve is formed in the coverage-speciﬁcity coordinates. Numeric
results are discussed with intent of displaying the most essential features of the proposed
methodology and algorithmic developments.
 2012 Elsevier Inc. All rights reserved.1. Introduction
In system modeling, we augment a plethora of existing modeling methodologies and algorithms by moving from a con-
cept of single, individual, and local models to a family of models in which individual models collaborate with others with an
ultimate intent of forming more abstract, holistic model of the underlying phenomenon, process or a system delivering a
global, albeit less detailed view at the reality. Along with the associated tangible beneﬁts and better rapport with reality (dis-
tributed systems, various modeling perspectives), this shift brings a number of new challenges irrespectively from the devel-
opment technologies one has started with. There is no surprise that in fuzzy modeling and computing with words [21] with
its plethora of design techniques, see [1–3,6,10–12,18] involving criteria of accuracy and interpretability [4,9] and invoking
promising methods of global optimization [17], this concept has to translate into sound concepts, methodology, design strat-
egies, and ﬁnally detailed algorithms.. All rights reserved.
cal & Computer Engineering, University of Alberta, Edmonton, Canada T6R 2V4 AB.
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general character, which helps motivate the study and focus on the essence of the required design features.
Let us consider a system for which formed is a series of models. The system can be perceived from different, quite diver-
siﬁed points of view. It can be observed over some time periods and analyzed at different levels of detail. Subsequently, the
resulting models are built with different objectives in mind. They offer some particular albeit useful views at the system.
We are interested in forming a holistic model of the system by taking advantage of the individual sources of knowledge –
models, which have been constructed so far. When doing this, we are obviously aware that the sources of knowledge exhibit
diversity and hence this diversity has to be taken into consideration and carefully quantiﬁed. No matter what the local mod-
els look like, it is legitimate to anticipate that the global model (at the higher level of hierarchy) is more general, abstract.
From the perspective of the concept of the global model, it is fair to assume that the model has to engage a sort of formalism
of information granules. Information granules [14,19,20] are a genuine generalization of numeric information. As such, infor-
mation granules offer a unique way of quantifying a diversity of sources of knowledge under consideration and expressing
this aspect in the form of the level of granularity (speciﬁcity).
The objective of this study is to develop the concepts of granular fuzzy models – a new modeling paradigm in fuzzy mod-
eling in which we form a hierarchy of modeling constructs starting with fuzzy models at the lower level of the hierarchy and
ending up with a granular fuzzy model emerging at the higher level.
It is worth noting that there have been some developments along the line of collaboration, consensus-building, and
knowledge exchange and its effective usage in decision-making [5,7,8,13,15] and fuzzy models [16], however the role and
unavoidable emergence of information granules as a vehicle to quantify a diversity of sources of knowledge has not been
fully exploited.
The organization of this paper is reﬂective of the main objectives of the overall study.
We brieﬂy review the main developments exiting in the literature and contrast the proposed approach with the main pur-
suits that have been reported so far (Section 2). This comparative view is of particular interest as it helps highlight the main
differences between the proposal put forward in this study. Next, the principle of justiﬁable granularity (Section 3) is dis-
cussed in detail with intent to having an effective and parametrically ﬂexible vehicle to form information granules. In Sec-
tion 4, we elaborate on the concept of granular fuzzy models while in Section 5 we move onto more focused discussion in
which local fuzzy models are those formed by rules. By doing this, it becomes possible to reveal all essential design steps as
well as present a way of quantifying the performance of the resulting construct and highlight the multiobjective character of
the design in which tradeoffs exist between the speciﬁcity of the results and their relevance (expressed by a coverage index).
A suite of experimental studies is covered in Section 6. Some main conclusions are summarized in Section 7.2. An aggregation of fuzzy models
An idea of using a collection of models studied en block has been around in the literature for some time. It is commonly
known under the term ensemble of learning machines in machine learning, mixture of experts, and alike. There has been a
compelling evidence demonstrating (both in theory and through experimental studies) that the performance of such ensem-
bles of learning machines (say, weak classiﬁers) is substantially better than a single model or a classiﬁer; refer to [25–28]. To
offer a glimpse at the diversity and a surprising similarity among of the existing approaches, a list of selected models alongTable 1
Selected models and their aggregation.
Reference Local models Aggregation mechanism Aggregation result
[22] ‘‘n’’ numeric values in
[0,1] of ‘‘n’’ criteria
fA1;A2; . . . ;Ang,
OWA (ordered weighted averaging): Numeric value
[23] ‘‘n’’ numeric values in
[0,1] of ‘‘n’’ criteria
fA1;A2; . . . ;Ang,
Gða1; a2; . . . ; anÞ ¼
Pq
i¼1aiFwið½BiÞBi is a subset of relevant
criteria, Mi provides a description of what portion of the criteria
in need be satisﬁed in order for the module to be satisﬁed and ai
indicates the value of satisfying this module
Numeric value
[24] ‘‘n’’ interval-valued
fuzzy sets
Y ¼
Pm
i¼1WiXiPm
i¼1Wi
;
Interval – valued fuzzy set
[25] n CART trees in an
ensemble
EP (Expectation propagation) pruning algorithm A subset of ensemble members (bagging,
Adaboost, and Random Forest used to
generate ensemble)
[26] n nearest-neighbor
classiﬁers
majority voting Numeric class label
[27] ‘‘n’’ MLP classiﬁers Linear function combiner with optimal values of the classiﬁer
weights
Numeric class label
[28] ‘‘n’’ decision trees Each classiﬁer in the ensemble is replaced by a mini ensemble of
a pair of subclassiﬁers with a random linear oracle to choose
between the two.
An ensemble; numeric output
[29] ‘‘n’’ neural network
(NN) classiﬁers
No aggregation; each NN is an element of the ensemble; the
smallest error on a validation set.
An ensemble of ‘‘n’’ neural networks;
numeric output
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from it to highlight the key differences with the approach presented in this study.
In spite of the visible diversity present in the table, there is also a profoundly visible similarity: the result of aggregation is
positioned at the same level of granularity as the results produced by the individual models involved in the aggregation.
3. The principle of justiﬁable granularity and design of fuzzy sets
The principle of justiﬁable granularity [14] is concerned with a formation of a meaningful representation of a collection of
numeric values (real numbers), say fx1; x2; . . . ; xNg. Such a representation comes in the form of a certain information granule
rather than a single numeric entity, no matter how such a single numeric individual has been selected. What is being done in
statistics is an example of this principle realized in the language of probabilistic information granules. A sample of numeric
data is represented not only by its mean or median (which is a very rough description) but also by the standard deviation.
Both the mean and the standard deviation imply a realization of a certain probabilistic information granule, such as e.g., a
Gaussian one. The probabilistic information granules are just one of the possibilities to build an information granule to rep-
resent a collection of numeric data. Some other formal approaches that could be engaged here involve sets, fuzzy sets, rough
sets and others. Formally, we can view the process of granulation of information as a transformation g operating on the set of
data fx1; x2; . . . ; xNg positioned in R and resulting in a certain information granule GFig. 1.
is distrig : fx1; x2; . . . ; xNg ! G ð1Þ
The realization of the transformation g becomes a crux of the design of information granules. The result – information gran-
ule G depends which formalism of information granularity has been adopted in advance. For instance, G could be a charac-
teristic function in case of sets deﬁned over R;G 2 PðRÞ, a fuzzy set, G 2 FðRÞ, etc. Recall that PðRÞ and G 2 FðRÞ stand for a
family of sets (intervals) and fuzzy sets, respectively, deﬁned over all real numbers.
In case of other formalisms of information granulation, the development of the corresponding granules is guided by a
certain optimization criterion, which becomes a crux of the principle of justiﬁable granularity. In general, in such criteria,
we manage two conﬂicting requirements. The one is about forming an information granule of sufﬁciently high level of exper-
imental evidence that is accumulated behind it and in this way supports its existence (and usage). The second one is about
maintaining high speciﬁcity of the resulting information granule. In what follows, we show a construction of interval-based
information granules in presence of some numeric evidence, see Fig. 1.
The construction of X is realized in two phases. We start with a determination of the numeric representative of the data.
Denote it by ‘‘m’’. A sound representative is its median, med, whose advantage is that it is a robust estimator and typically
comes as one of the elements of the data. Another option is to consider a mean value as a numeric representative.
The construction of the bounds of the interval (a and b) is realized independently. We concentrate on the optimization of
the upper bound (b). The calculations of the lower bound (a) are carried out in an analogous fashion.
We span the numeric intervalX ( = [a,b]) in such a way that (i) the numeric evidence accumulated within the bounds of X
is as high as possible. We quantify this requirement by counting the number of data falling within the bounds of X, that is
card fxkjxk 2 Xg. This count has to be maximized. At the same time, we require that (ii) the support of X is as low as possible,
which makes X speciﬁc (detailed) enough. These two requirements are in conﬂict. To come up with a single performance
index V taken as a product of two functionals f1 and f2, V ¼ f1  f2 where f1 is an increasing function of the cardinality of
the elements falling within the bounds of the information granule X and f2 is a decreasing function of the support (length)
of jbmj. To address the two requirements formulated above, our intent is to maximize Q with respect to the boundary of
the interval.
One of the interesting alternatives is to consider the following two functionals:f1ðuÞ ¼ u ð2Þ
andf2ðzÞ ¼ expðazÞ ð3ÞRealization of the principle of justiﬁable granularity for numeric data and an interval type of information granules. Note that the information granule
buted around a certain numeric representative (m); a < m < b.
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ibility in the produced an information granule. The maximization of the expressionVðbÞ ¼ cardfxjx > m and x < bg  expðajm bjÞ ð4Þ
is carried out with respect to unknown upper bound ‘‘b’’. Here ‘‘m’’ stands for the numeric representative of the numeric data.
Likewise, we proceed with the maximization of the expression (objective function) VðbÞ ¼ cardfxjx 2 Xg  expðajm bjÞ
with ‘‘b’’ being the upper bound of the information granule. It is worth noting that (4) comes with some parameter ðaÞ, which
is essential to the further usage of granular constructs.
With regard to the above maximization (4) one can note an interesting and intuitively appealing relationship between ‘‘b’’
and the values of the parameter a. Consider that the data larger that the numeric representative are x1; x2; . . . ; xN Recall that
‘‘m’’ is a certain numeric representative. In spite of the values of a, the location of optimal ‘‘b’’ is positioned in-betweenmin xi
and max xi Given the form of (4) if b falls below the bound min xi, then the performance index is equal to zero. If b moves
beyond max xi, the performance index decreases monotonically. Indeed, take b1 and b2 where b1 < b2. In this case, the per-
formance index Vðb1Þ is higher that Vðb2Þ which indicates that moving towards higher values of ‘‘b’’ after exceeding max xi
leads only to the reduced values of the performance index.
In a similar way we can develop an information granule in the form of a certain fuzzy set. Here the only difference is that
the cardinality of the set of data contained within the interval has to be replaced by the sum of membership degrees of the
data belonging to the fuzzy set.
The algorithm realizing the principle of justiﬁable granularity produces an information granule (either an interval or a
fuzzy set) based on a collection of numeric data. The nature of the numeric data themselves can be quite different. Two sit-
uations of signiﬁcant practical relevance are worth highlighting here:
(a) The numeric data could result frommeasuring some variables present in the system. In this case, information granules
are treated as non-numeric data, which can be then used in the design of the model and highlight the structure of a
large number of numeric data.
(b) The numeric data are just membership values of some fuzzy sets reported for a certain point of the universe of dis-
course. The granular representation resulting from the discussed construct gives rise to the information granule of
higher type, fuzzy set of type-2, to be more speciﬁc. Depending on the nature of the information granule formed here,
we construct an interval-valued type-2 fuzzy sets or type -2 fuzzy sets. It is worth stressing that in this manner, we
have arrived at a constructive way of designing of type-2 fuzzy sets – the area that has been very much left neglected
in the existing studies.
The algorithms supporting the design of information granules presented so far have been concerned with one-dimen-
sional data. In situation of multivariable data, the developed method can be applied to individual variables separately and
then combined by taking a Cartesian product of the one-dimensional information granules.4. The emergence and a concept of granular fuzzy models
As highlighted in the introductory section, one can acknowledge that the component of granularity brings a desired level
of ﬂexibility required to reﬂect and quantify an inherent diversity of individual fuzzy models we have to deal with. The
underlying concept is visualized in Fig. 2. The unavoidable granularity effect manifests at the resulting model formed at
the higher level of abstraction, hence the construct obtained there comes as a generalization of fuzzy models present at
the lower level of the hierarchy, namely granular fuzzy models.
A certain system or phenomenon is perceived from different points of view (perspectives). The fuzzy models emerging
there, denoted as FM-1, FM-2, . . ., FM-p use locally available data D-1,D-2, . . .,D-p. In general, we can envision fuzzy models
to be of different nature (say, rule-based, neurofuzzy model, fuzzy cognitive map), however for the sake of the clarity of over-
all presentation we assume that all of them are fuzzy rule-based models. The models FM-1,FM-2, . . ., FM-p are now brought
together by forming a global model at the higher level of hierarchy. Not engaging into more speciﬁc discussion, some general
and intuitively convincing observations could be made. The model at the higher level is deﬁnitely more abstract (general)
than those at the lower level as it tries to embrace a variety of sources of knowledge (fuzzy models). As such we envision
that the output of such fuzzy model is less speciﬁc than the numeric output generated by any of the fuzzy models at the
lower level. This is not surprising at all. Imagine that the input is equal to x with x being a numeric vector of inputs coming
from the system. Each fuzzy model produces the numeric outputs FM-1(x),FM-2(x), . . ., FM-p (x). In virtue of the different
perception of the system itself, it is very likely that these inputs are different; we do not rule out that they could be close
to each other. If the fuzzy model at the higher level is to capture this diversity of the sources of knowledge (viz. fuzzy mod-
els), intuitively for the same x it should return an output that is more abstract that a single numeric entity, that is a certain
information granule. Hence such fuzzy models producing granular outputs will be referred to as granular fuzzy models.
Alluding to Table 1, we can contrast the proposed construct with the approaches existing in the literature, especially that
on a surface there seem to be some similarities. There are several evident differences, though:
Fig. 2. The emergence of information granularity in the model at the upper level of the hierarchy as a result of dealing with the diversity of fuzzy models
FM-1,FM-2, . . ., FM-p. The emergence of information granularity is denoted by large grey dot placed next to the granular fuzzy model being formed there.
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individual models. For instance, the models involved in the aggregation produce numeric outputs and numeric outputs
are also generated as a result of aggregation. Here, the outputs are granular (coming in the form of intervals, fuzzy sets,
rough sets, etc.) even though the individual models generate numeric outputs. This can be viewed as a substantial advan-
tage of the overall topology as it helps quantify the diversity of the individual sources of knowledge (viz. models). The
quantiﬁcation of this diversity is realized by running the principle of justiﬁable granularity.
 The data are not shared meaning that each model is constructed on a basis of locally available data; furthermore the vari-
ables at each data set need not be the same. This stands in sharp contrast with the scenario of bagging or boosting of a
family of models.
 The individual models could be very different (say, neural networks, rule-based models, linear regression, etc.)
5. The detailed considerations: from fuzzy rule-based models to granular fuzzy models
In this section, we present in more detail one of the interesting scenarios of capturing sources of knowledge (fuzzy mod-
els) in case the individual sources of knowledge-fuzzy models are treated as a collection of fuzzy rule-based models. The
transfer of knowledge realized here is focused on the use of information granules forming a backbone of the individual fuzzy
models at the lower level. As the antecedents of the rules are formed on a basis of information granules, a realization of a
certain model at the higher level of hierarchy calls for a formation of a collection of information granules to start with. Here
we envision two main directions in the construction of information granules as being portrayed in Fig. 3:
(a) A selection of a suitable subset of information granules forming the individual models, Fig. 3(a). The prototypes of the
information granules are selected in such a way so that they represent all prototypes of the models to the highest extent. This
is a combinatorial optimization problem, which may call for techniques of Evolutionary Optimization (e.g., Genetic Algo-
rithms, GAs) or population-based optimization (e.g., Particle Swarm Optimization, PSO) to arrive at solutions to the problem.
The optimization criterion quantiﬁes a reconstruction error of the prototypes at the lower level when being expressed in
terms of the subset of the prototypes formed at the upper level.
The second approach, illustrated in Fig. 3(b), is concerned with clustering (granulation) of prototypes available at the
lower level. The standard FCM can be used here. It operates on a family of the prototypes present in all fuzzy models posi-
tioned at the lower level of hierarchy and produces ‘‘c’’ prototypes at the upper level of the hierarchy. In light of the construc-
tion of the information granules, which have been built at the higher level (which are also sought as more abstract view at
the information granules present at the lower level), we may refer to them as information granules of higher type, say type-2
information granules (and type-2 fuzzy sets, in particular).
Given the collection of information granules (which can be represented as a family of the prototypes), we are at position
to develop a model at the higher level. We note there is an inherent granularity of the associated model, which comes from
the fact that for any prototype formed at the higher level vi, each fuzzy model at the lower level returns some numeric value,
say, FM-1ðv1Þ, FM-2ðv2Þ, . . ., FM-pðviÞ. It is very unlikely that all these values are the same. This set of data is subject to the
Fig. 3. Formation of the information granules at the higher level: (a) selection and (b) clustering of prototypes.
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resulting information granule depends upon the predetermined value of the parameter a, which was used to construct infor-
mation granules. We will be taking advantage of this ﬂexibility in the realization of the model guided by two conﬂicting
objectives (as this will be discussed later in more detail).
Overall, for ‘‘c’’ information granules built at the higher level, the available experimental evidence (originating at the
lower level of hierarchy) arises in the formfðv1;gfFM  1ðv1Þ; FM  2ðv1Þ; ::; FM  pðv1ÞgÞ;
ðv2; gfFM  1ðv2Þ; FM  2ðv2Þ; . . . ; FM  pðv2ÞgÞ; . . .
ðvi;gfFM  1ðviÞ; FM  2ðviÞ; . . . ; FM  pðvi1ÞgÞ; . . .
ðvc; gfFM  1ðvcÞ; FM  2ðvcÞ; . . . ; FM  pðvcÞgÞg
ð5Þand invokes an evident component of granularity as highlighted in Fig. 4. Taking these data into consideration, we construct
a granular model. Preferably the model of this nature has to be structure free as much as possible. In this case, a technique of
case-based reasoning (CBR), or being more speciﬁc, granular case based reasoning can be anticipated, see Fig. 5. The other
option worth considering is a concept of fuzzy regression. Moving to the computational details, we compute a degree of
activation of the cases by a certain input x.uiðxÞ ¼ 1Pc
j¼1
kxvik
kxvjk
 2=ðm1Þ ; m > 1 ð6ÞAs the outputs are evidently granular, we determine the lower and upper bound of the granular model based on the bounds
of yi and y
þ
i where y

i ; y
þ
i
  ¼ gfFM  1ðviÞ; FM  2ðviÞ; . . . ; FM  pðviÞg. We obtain the following expressions for the bounds:
Fig. 4. Experimental evidence behind the formation of the granular model to be constructed at the higher level. Considered here is an interval format of
resulting information granules.
Fig. 5. The mechanism of granular case-based reasoning and a construction of lower and upper bounds.
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Xc
i¼1
uiðxÞyi ð7Þupper boundyþðxÞ ¼
Xc
i¼1
uiðxÞyþi ð8ÞAn example of the granular ‘‘envelope’’ produced in this way is shown in Fig. 6. Note that the parameter ‘‘m’’ (fuzziﬁcation
coefﬁcient) affects the shape of the granular mapping (and this could be used as an additional parametric ﬂexibility inbuilt
into the granular model).
The granularity of the data themselves depends upon the value of a being used when running the process of justiﬁable
granularity. We are faced with a two-objective optimization problem where one of the objectives is to make the envelope as
narrow as possible (to achieve high speciﬁcity level, which is desirable) and at the same ‘‘cover’’ as much experimental
evidence as possible (so a large number of data are included within the lower and upper bound making the granular model
highly legitimized by the experimental evidence captured by the series of fuzzy models at the lower level of the hierarchy).
Intuitively, the two requirements, which are evidently in conﬂict, are illustrated in Fig. 7.
The satisfaction of the two requirements and a way of achieving a certain compromise can be controlled by choosing a
certain value of a. To proceed with a numeric quantiﬁcation of these two criteria, we introduce two indicators that are clo-
sely reﬂective of the two criteria we identiﬁed above:
(a) The cumulative length of information granules (intervals) of the output of the granular fuzzy model described asL ¼
X
i
Li ð9Þwhich is reﬂective of the speciﬁcity (the level of detail) achieved in the granular model, and Li is the length of an interval
generated by the ith instance.
Fig. 6. Plots of the granular model for selected values of m; m ¼ 1:2 (blue color), 2.0 (red color). (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
Fig. 7. Illustration of the two objectives to be optimized in the construction of the granular model.
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all data
ð10ÞThe higher the ratio, the better the coverage of the data. Ideally, we may like to see I being very close to 1 however this might
result in an unacceptable lack of speciﬁcity of the results provided by the granular fuzzy model. These two characteristics can
be shown graphically. Accepting a certain value of a in the construction of the information granules through running the
principle of justiﬁable granularity, we calculate the resulting values of I as well as the cumulative length of intervals of
the granular outputs of the model.
Fig. 8. (a) Plot of I versus accumulated length L for selected values of a, a1 > a2 > a3 and (b) Representing characteristics and quality of the granular fuzzy
model through computations of the area under curve (AUC) in the amax  a – I coordinates. Note the model F is better than F’ which is quantiﬁed by the
values of the AUC, AUCðFÞ > AUCðF 0Þ.
W. Pedrycz, M. Song / International Journal of Approximate Reasoning 53 (2012) 1061–1079 1069An example plot in the I-L coordinates is shown in Fig. 8(a). An important characterization of the quality of the granular
fuzzy model is obtained by computing an area under curve (AUC). The higher the value of the AUC, the better the obtained
model is.
One can introduce a certain modiﬁcation to the I-L plot by replacing the x-coordinate by the one formed as amax  a, see
Fig. 8 (b). This helps us compare various granular models in terms of their quality. The values of the AUC computed in the
amax  a – I coordinates are comparable as we are concerned with the values of a not the lengths of the intervals. As the
length of the intervals is not affected when moving to higher values of a (a signiﬁcant saturation effect is present), the choice
of the limit value amax is not critical.6. Experimental studies
In a series of numeric experiments, we present a design and performance of granular fuzzy models and highlight some
essential features of the models along with a role played by the key design parameters of the granular constructs formed
at the upper level of the hierarchy. In all experiments, the value of the fuzziﬁcation coefﬁcient was set to 2.0 or was subject
to some optimization.
6.1. Concrete compressive strength data
This data set coming from the Machine Learning repository (http://archive.ics.uci.edu/ml/datasets/Concrete+Compres-
sive+Strength) concerns a compressive strength of concrete with association with its characteristics such as blast furnace
slag, ﬂy ash, water, superplasticizer, coarse aggregate, and ﬁne aggregate. It consists of 1,030 pairs of input–output data.
We form 10 fuzzy rule-based models where each of them is constructed on a basis of 103 randomly selected data. The
number of rules in each model is equal to the number of fuzzy clusters determined for each locally available data set.
The performance index Q, which is used to evaluate the quality of the model is expressed in the following formQ ¼ 1
N
XN
k¼1
ðy^k  ykÞ2 ð11Þwhere N is the number of data present in the individual data set. Once the information granules have been formed by using
the Fuzzy C-Means (FCM) clustering algorithm, the parameters of the linear functions present in the conclusion parts of the
rules were estimated by running a standard Least Square Error (LSE) method. The number of rules itself is subject to opti-
mization and here we resort ourselves to a successive enumeration by designing the fuzzy model for increasing the number
of rules while monitoring the values of the corresponding performance index (11). The values of Q treated as a function of the
number of rules (clusters) for all the models are shown in Fig. 9.
One can note (as it have been expected) that when the number of cluster is increased, the values of the performance index
decrease. Essentially all the local models follow the same tendency: there is a cutoff point at c ¼ 5 or 6 beyond which the
values of the performance index are not signiﬁcantly affected by further increasing the number of rules. To visualize the per-
formance of the fuzzy models formed here, a collection of plots of output data versus the corresponding outputs of the mod-
els is included in Fig. 10.
Once the 10 local models have been constructed, the prototypes present there are clustered at the higher level to create a
backbone of the global fuzzy model. Following the principle of justiﬁable granularity, for each of the prototypes obtained in
Fig. 9. The performance index of the models versus the number of rules (clusters); shown are the values for all 10 models.
Fig. 10. The performance of selected fuzzy models (data versus model output): (a) Q ¼ 21:94 (b) Q ¼ 31:16 (c) Q ¼ 29:25 (d) Q ¼ 24:01.
Fig. 11. Prototypes and the associated intervals for two values of a (0.01- grey and 0.76 – black), the number of clusters is set to 3, c ¼ 3.
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Fig. 12. Prototypes and the associated intervals for two values of a (0.01- grey and 0.71- black), the number of clusters is set to 10.
Fig. 13. Prototypes and the associated intervals for two values of a (0.01– grey and 0.54 – black), the number of clusters is set to 20.
W. Pedrycz, M. Song / International Journal of Approximate Reasoning 53 (2012) 1061–1079 1071this way we form the intervals of the corresponding output values. Several selected information granules are illustrated in
Figs. 11–13 where the number of clusters built at the higher level is set to c ¼ 3, 10, and 20. The values of the granularity
level a are set to quite low and quite high values; this helps contrast the speciﬁcity of the resulting intervals (indicated
in the ﬁgure by different colors of shading).
The most concise and informative characterization of the quality of the overall model can be conveyed by plotting the
values of the coverage of data I versus the cumulative length of the intervals produced by the granular fuzzy model for
the inputs formed as the prototypes of the information granules obtained for the individual fuzzy models. The resulting rela-
tionships are shown in Fig. 14.
It becomes apparent that I is a non-decreasing function of the cumulative length of the intervals. Furthermore the index I
assumes higher values for increasing values of ‘‘c’’. The values of AUC are determined by computing the area of the plots
presented in the (3-a, I) coordinates. As noted earlier, we use another x-coordinate (that is 3-a) to produce consistent results
Fig. 14. Coverage of data I versus the cumulative length of intervals L of the output for selected number of clusters.
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instance, we observe this effect in Fig. 14 where the curve for c ¼ 3 starts at higher values of L. The choice of the new variable
3-a is motivated by the fact that for values of higher than 3 there is a saturation effect in the sense no substantial changes in
the values of I are reported. The corresponding series of plots is shown in Fig. 15. We report the values of I form ¼ 2 (which is
the typical value of the fuzziﬁcation coefﬁcient in the FCM method) as well as for the optimal values of m. In all cases
reported here, there is a visible difference (improvement) when using the optimized value of ‘‘m’’. As a matter of fact, the
optimal values of the fuzziﬁcation coefﬁcient vary in-between 1.5 and 6.0. There is also a similar relationship between
the values 3-a and the coverage levels which increase quickly when a assumes low values (and the intervals become wider).
The plots of the outputs from the data versus the outputs (intervals) of the granular fuzzy model are presented in Figs. 16
and 17. Here we contrast the lengths of the intervals and their position when using a different number of clusters (c was set
to 3 and 40, respectively).Fig. 15. I versus the level of granularity, 3-a and selected values of c: (a) c ¼ 3, (b) c ¼ 10, (c) c ¼ 20, (d) c ¼ 40.
Fig. 16. Scatter plot of data versus the intervals generated by the corresponding inputs obtained for different values of alpha: (a) a ¼ 0:01, (b) a ¼ 0:1, (c)
a ¼ 1, (d) a ¼ 3. The number of clusters is equal to 3.
Fig. 17. Scatter plot of data versus the intervals generated by the corresponding inputs obtained for different values of a: (a) a ¼ 0:01, (b) a ¼ 0:1, (c) a ¼ 1,
(d) a ¼ 3. The number of clusters is set to 40.
Table 2
Values of the AUC for selected numbers of clusters and two strategies of the determination of the prototypes of the granular fuzzy model.
Strategy of prototype formation c ¼ 3 c ¼ 10 c ¼ 20 c ¼ 40
Optimal m m ¼ 2 Optimal m m ¼ 2 Optimal m m ¼ 2 Optimal m m ¼ 2
Clustering 0.9271 0.7682 0.7597 0.4902 0.9184 0.7271 1.5105 1.2774
Selection 0.7680 0.2579 0.7846 0.4809 0.8326 0.5736 0.9558 0.6450
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Table 3
Values of the AUC for selected numbers of clusters and two strategies of the determination of the prototypes of the granular fuzzy model.
Strategy of prototype formation c ¼ 3 c ¼ 10 c ¼ 20 c ¼ 40
Optimal m m ¼ 2 Optimal m m ¼ 2 Optimal m m ¼ 2 Optimal m m ¼ 2
Clustering 1.6741 1.3099 1.9393 1.6502 2.0171 1.6353 2.0832 1.7697
Selection 1.9867 1.3678 1.9668 1.5696 2.0300 1.7174 1.7331 1.5247
Fig. 18. I versus the level of granularity, 3-a and selected values of c: (a) c ¼ 3, (b) c ¼ 10, (c) c ¼ 20, (d) c ¼ 40. Here use is the strategy of prototype
clustering.
Fig. 19. I versus the level of granularity, 3-a and selected values of c: (a) c ¼ 3, (b) c ¼ 10, (c) c ¼ 20, (d) c ¼ 40.
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Fig. 20. The performance index Q versus the number of rules (clusters); m ¼ 2:0.
Fig. 21. The performance of four lower models (data output versus model output): (a) Q ¼ 0:15 (b) Q ¼ 0:13 (c) Q ¼ 0:14 (d) Q ¼ 0:14.
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(clusters) used in the granular fuzzy model. Table 2 summarizes the values of the AUC for different number of ‘‘c’’ and
the two strategies of forming information granules at the higher level, which is clustering the existing prototypes and the
selection of their subsets. The fuzziﬁcation coefﬁcient is also optimized. (see Table 3).
Two observations are well supported by the obtained results. In general, the quality of the granular model improves
with the increase in the number of clusters. This becomes for both selection strategies (clustering of prototypes or their
selection). The clustering of the prototypes is a better strategy leading to the higher values of the AUC. There is also a
beneﬁcial effect of the optimization of the fuzziﬁcation coefﬁcient – in all cases we report the improvement, which is more
visible when associated with the selection strategy.
When we use different number of clusters (rules) in the models formed at the lower (more speciﬁcally,
6,5,6,5,4,6,4,4,5,6), the performance of the granular fuzzy model is illustrated in Fig. 18.
In case of using the strategy of selecting prototypes (out of the prototypes available at the lower level), the obtained
results are displayed in Fig. 19.
Here the optimal values of ‘‘m’’ are reported to be located in the range of 1.5–6.6.2. PM10 data set
This data set comes from StatLib (http://lib.stat.cmu.edu/datasets/) and comprises 500 observations originating in a study
where air pollution at a road is related to trafﬁc volume and meteorological variables, collected by the Norwegian Public
Fig. 23. Intervals of prototypes for the values of a equal to 0.01 (grey) and 2.96 (black); c ¼ 20.
Fig. 22. Intervals of prototypes for a equal to 0.01 (grey) and 1.6 (black); c ¼ 3.
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were used to construct 10 local fuzzy models at the lower level. The performance of these models reported for selected val-
ues of ‘‘c’’ ranging from 2 to 6 is illustrated in Fig. 20. The number of clusters used in each local model is set to 4.
The performance of the local models is quantiﬁed by plotting the outputs of the corresponding models versus the data;
the series of plots is provided in Fig. 21.
Once the models have been constructed, the prototypes coming from all of them are clustered to form the granular fuzzy
model. Following the principle of justiﬁable granularity, for each of the prototypes obtained here we form the intervals at the
output. Several selected results are illustrated in Figs. 22 and 23 for c ¼ 3 and 20.
Considering a ﬁxed value of m equal to 2, the corresponding plots of ‘‘I’’ versus the coordinate 6-a are shown in Fig. 24. We
observe that for higher values of a the values of I are signiﬁcantly reduced. Some cutoff points can be identiﬁed where the
values of a are relatively high (so the bounds are quite tight) yet the granular model still captures a signiﬁcant fraction of
data.
The plots analogous to those reported in Fig. 25 where several prototypes were selected out of all prototypes used by the
local models.
The values of the AUC obtained for all the models are summarized in Table 4.
Fig. 25. Plots of I versus the level of granularity, 6-a, and selected values of c: (a) c ¼ 3, (b) c ¼ 10, (c) c ¼ 20, (d) c ¼ 40.
Fig. 24. Values of I versus the level of granularity, 6-a and selected values of c: (a) c ¼ 3, (b) c ¼ 10, (c) c ¼ 20, (d) c ¼ 40.
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The methodological underpinnings of granular fuzzy models stem from the need of an effective conceptual and algorith-
mic representation and quantiﬁcation of diversity of locally available sources of knowledge – fuzzy models. The diversity of
views at the problem/system/ phenomenon is quantiﬁed via the granularity of results produced by the global model con-
structed at the higher level of hierarchy. The granular nature of the results formed there is inherent to the diversity of
Table 4
Values of the AUC for selected numbers of clusters and two strategies of the determination of the prototypes of the granular fuzzy model.
Strategy of prototype formation c ¼ 3 c ¼ 10 c ¼ 20 c ¼ 40
Optimal m m ¼ 2 Optimal m m ¼ 2 Optimal m m ¼ 2 Optimal m m ¼ 2
Clustering 4.4040 3.5514 3.7670 2.6678 3.6630 2.9069 3.7247 3.0581
Selection 3.7916 2.4319 3.5070 2.6392 3.6470 2.8421 3.1222 2.4868
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result of multiobjective optimization – it is shown that the criteria of coverage of data and speciﬁcity of information are con-
ﬂicting in nature. The choice of a suitable tradeoff in the satisfaction of these two requirements is left to the user. Neverthe-
less the AUC is helpful here as it can quantify an overall performance of the global model and rank several global models
through the use of the AUC values.
Granular fuzzy models subsume the concept of type-2 fuzzy models in the sense they offer compelling, algorithmically
well-supported evidence behind the emergence of fuzzy models of higher type. They are more general than type-2 fuzzy
models as here we are not conﬁned to any particular architecture of fuzzy models and a way in which type-2 fuzzy sets
are incorporated into speciﬁc components of the models.
It is worth noting that the notion of granular fuzzy modeling stretches beyond fuzzy models. In essence, as we deal with
models articulating locally available knowledge, the quantiﬁcation of the diversity of such sources becomes encapsulated
through information granules produced by granular models. In this way, we can talk about granular neural networks (in case
of local models being formed as neural networks), granular regression (when dealing with individual regression models) or
granular fuzzy cognitive maps (when the local models are fuzzy cognitive maps), etc. One can look into further generaliza-
tions in the form of granular fuzzy models of higher type; say type-2 granular fuzzy models or granular2 fuzzy models. Those
are a result of dealing of several hierarchies of sources of knowledge, namely fuzzy models formed in a two-level hierarchical
architecture of the knowledge sources.
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